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Abstract. We propose a new two-component geodesic equation with the unusual 
property that the underlying space has constant positive curvature. In the special 
case of one space dimension, the equation reduces to the two-component Hunter- 
Saxton equation. 
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1. Introduction 



Many basic equations in physics, including the Euler equations of motion of a rigid 
body, and the Euler equations of fluid dynamics of an inviscid incompressible fluid, can 
be viewed as geodesic equations on a Lie group endowed with a one-sided invariant 
metric pp. In the context of rigid bodies, the group is SO(3); in the context of 
incompressible fluids, it is the group Diff M (IR 3 ) of volume- preserving diffeomorphisms. 
Other geodesic equations include Burgers' equation (Diff(S' 1 ) with a right-invariant 
1? metric), the KdV equation (Virasoro group with a right-invariant 1? metric), and 
the Camassa-Holm equation (Diff(S' 1 ) with a right-invariant H 1 metric), see [15] for 
a survey. 

In the recent work [7J, the following equation was introduced and studied: 



where u is a time-dependent vector field on a compact Riemannian manifold M, 
d denotes the exterior derivative, and l denotes the interior product. Two of the 
remarkable properties of ([T| are: (a) It is the geodesic equation on a space of constant 
positive curvature. Indeed, equation ([I]) is the equation for geodesic flow on the space 
of right cosets Diff(M)/Diff^(M) endowed with the right-invariant metric given at 
the identity by 



and this space has constant curvature equal to 1///(M) > 0. (b) It is an integrable 
evolution equation in any number of space dimensions. Indeed, it is shown in [7J that 
([I]) admits a complete set of independent integrals in involution. 

In this paper we propose the following two-component generalization of (II]): 



where p is a time-dependent real- valued function on M. We will show that ([2]) is the 
geodesic equation on the homogeneous space [Diff(M)(|)C 00 (M)]/Diff /J (M) endowed 




(1) 




ddivut = —d (i u ddw(u) + \ div(u) 2 — \p 2 ) 
p t = -div(pit), 



(2) 



i 
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with the right-invariant metric given at the identity by 



(((ui,u 2 ), (vi,v 2 ))) = 7 / [div(ui) div(-ui) + u 2 v 2 ]dfi, (3) 



4 



and that this space has constant positive curvature. 

Our search for a two-component generalization of ([I]) was motivated by the special 
case when M is the unit circle, i.e. M = S 1 . In this case, equation ([!]) reduces to the 
Hunter- Saxton equation [DJ 

utxx = ~(uu xx + \u 2 x \ , (4) 
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which admits the following integrable two-component generalization, see [31 116j: 

— [uU xx + 2 U X ~ 2 P ) x ) 

Equation Q describes the geodesic flow on a sphere of constant positive curvature 
[U H2] and it was recently observed that the two-component version ^ also is the 
geodesic equation on a space of constant positive curvature [ID] . 

Since the three special cases @, @, and ([5]) of the system ^ are all integrable, 
we expect ^ to also be integrable, but the proof of this remains open. 

Our main result is stated in section [2] and its proof is presented in section [3| 

2. Main result 

Let M be a compact connected n-dimensional Riemannian manifold and let Diff(M) 
denote the space of orientation-preserving diffeomorphisms of M. We let G denote 
the semidirect product G = Diff(M)(|)C 00 (M) with multiplication given by 

(v 5 >/)(^>5) = 0° i>,g + f°4>), (^J),^^) e G. 

Moreover, we let H = Diff M (M) denote the subgroup of Diff(M) of volume-preserving 
diffeomorphisms. The group H acts on G by 

il>-((p,f) = (il>o<p,f), ijj € H, (<pj) € G, 

and our main interest lies in the homogeneous space G/H of right cosets. 

We use right-invariance to extend ^ to a (degenerate) metric ((•, •)) on G. Thus, 

((U, V)) (tpJ) = i J [dw(U x o ip- 1 ) div(Vi o yr 1 ) + (?7 2 o ^ x )(y 2 o ^- l )]dn, 

where U = (U\,U 2 ) and V = (Vi,V 2 ) are elements of T^j^G and d/i denotes the 
volume form on M induced by the metric. It is straightforward to verify that this 
metric descends to a Riemannian metric on G/H (see section [3] for details), and we 
can now state our main result. 

Theorem 1. The sectional curvature of G/H equipped with the metric ((•,•)) is con- 
stant and equal to 1/ ' [i{M) > 0. Moreover, the corresponding Euler equation for the 
geodesic flow is the two-component equation |Ip. 

Remark 2. As far as regularity assumptions and function spaces are concerned, the 
geometry of equation ^ can be developed in a number of different settings, including 
the H s and C n settings (see [S] for further details in a similar situation). Since these 
issues are of no consequence for the considerations here, we have chosen for simplicity 
to use the notation of the smooth category. 
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3. Proof 

We will use the following notations: 

• e = (id, 0) will denote the identity element of G. 

• X(M) will denote the space of vector fields on M. 

• For p > 0, rF(M) will denote the space of p-forms on M. 

• (-, •) will denote the metric on M. (•,•) will also denote the induced inner 
product on p- forms, as well as the natural pairing between elements of TM 
and T*M. 

• If X, Y are vector fields on M, [X,Y] will denote their Lie bracket, given 
locally by [X, Y] = DY ■ X - DX ■ Y. 

• If u = (ui,U2) and v = (v\,V2) are elements of T e G ~ X(M) x C°°(M), 
[it, v] £ T e G will denote the following commutator: 



\u,v 



[ui,vi] 
dv 2 (ui) - du 2 (vi) 



3.1. The metric on G/H. We will first show that the metric ((-, •)) descends to 
G/H. According to the general theory of homogeneous spaces (see Proposition 3.1 
in Chapter X of [9]), ((•,■)) decends to G/H provided that 

((ad^it, v)) + ((u, ad w v)) = for all u, v G T e G and w £ T e H, (6) 

where we view H ~ Diff^(M) x {0} C G as a subgroup of G. Using that the adjoint 
action in T e G is given by 

ad u v = —[u,v], u,v£T e G, 

it is straightforward to verify Given elements u = (u\,U2),v = (i?i,i>2), and 

w = {w\,W2), we have 

((adyjU, v)) + ({u, ad w v)) = — f (div [iti,u;ij diwx + div«i div [v\,w\[\dpk (7) 

+ - [ ((dW2(ui) — dU2(wi))v2 + U2{dW2(v\) — dV2(wi)))dfl. 

If w G T e H then divwi = and W2 = 0, and the right-hand side of ([7]) equals 
- I {{ux, graddiviyi) — (wi, graddivui)) divui 

+ dxvu\{iv\, graddiv^i) — {w\, graddivui}) dfi — - f div(u2V2Wi)dfi 

J 4 J M 

= — — j div(tDi div v\ div u\)dfi = 0. 
4 Jm 

This shows that ((•,•)) descends to G/H. 

3.2. The Euler equation. We next show that the Euler equation associated with 
the metric ((•,•)) on G/H is the two-component equation Q. It follows from the 
general theory developed by Arnold [1] that the Euler equation is given by 

u t = B(u,u), (8) 

where u(t) is a curve in T e G and the bilinear operator B : T e G x T e G — > T e G is 
defined by the condition 

((B(u,v),w)) = ((u, [v,w]}}, u,v,w£T e G. (9) 
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In order to determine B, we define the operator A : X(M) -> fi 1 (M) by Av = dSv\ 
where 6 denotes the codifferential on M and b : TM — > T*M denotes the musical 
isomorphism with inverse jj : T*M — > TM induced by the metric (•,•}. Recalling that 
div(X) = — 5X^ for a vector field X, the condition (IqJ) can be written as 



{ABi(u,v),wi)dfi+ / B 2 (u, v)w2dfj, = / (Aui,[v,w]i)dfj,+ / u 2 [v,w] 2 dfi, 

M JM JM JM 

(10) 

where B\ and B 2 denote the two components of B. Using the general formula 

[vt, wif = div(wi)v\ — div(vi)w\ — 5(v\ A w\), (11) 
we see that the right-hand side of (flol) equals 



(Au\, div(wi)v \ — div(vi)w\ — 5(v\ A w\))d/j, + / U2(dw2(v\) — dv2(wi))dfj, 

(— d(Au\, v\) — div(vi)Au\ — L Vl dAui,wi)d/j, — / (w 2 div(u2V\) + (u 2 dv 2 , wi))d[i. 

M ' JM 

Thus, since uu is arbitrary and dAui = 0, we find 

AB\(u,v) = — d(Aui, vi) — dxv{yx)Aui — u 2 dv2, 
B 2 (u, v) = - div(ii 2 i>i). (12) 

Substituting this expression for B = (-81,-82) into ([8]), we find the two-component 
system ([2|. 



3.3. The operator A. Equation (12) only fixes the value of B\ up to an element of 
ker A This is a reflection of the fact that the inner product (|3| is degenerate along 
T e H in T e G. Accordingly, the solution of the Euler equation pi) is not uniquely de- 
termined in T e G by the initial data, but descends to a well-defined curve in T e (G/H). 

The following lemma, which will be needed for the computation of the curvature, 
clarifies some properties of A and A" 1 . In particular, it shows that the kernel of A 
equals T e H and consists of all divergence-free vector fields on M. 

Lemma 3. The operator A : X(M) —> 1 (M) defined by Av = d5v b = — ddivv 
satisfies 

imA = {df\feC°°(M)} (13) 

and 

kerA = {v G X(M) \ divv = 0}. (14) 
In particular, the map div A~ 1 d : C°°(M) — > C°°(M) is well-defined and is given by 

dwA " df= - f+ jw)L },¥ - (15) 



Proof. The inclusion C in (13) is obvious. On the other hand, if / G C°°(M), then 
standard properties of the Laplacian A = d5 + 5d on a compact manifold (see |14j ) 
imply that ker A consists of the constant functions on M and that there exists g G 
C°°(M) such that Ag = f - j M fdfj, G (ker A)- 1 . Letting v = (dg)\ we find 

- div v = f - ^pjy f M fdfj. and so 

Av = —d div v = df. 
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Figure 1. The Hodge decomposition o/T*Diff(M) and ker A. 



This proves (13). In order to prove (14), we first note that if divu = 0, then Av = 0. 
Coversely, suppose Av = 0. Then 



{d5v\v b )d^= I (5v\5v 9 )dn 



M 



,.b x„.h 



M 



and we find Sv = — divu = 0. This proves (14). 

It is clear from (|l3j) and Q that the map divA _1 d : C°°(M) -> C°°(M) is 
well-defined. Letting h = div A^df, we find 

d/i = -AA^df = -df. 

Thus, h = —f + c, where c is a constant. Noting that 







hdfjL 



Al 



M 



fdn + cfi(M), 



we infer that 



KM) 



fdfi. 



M 



This proves ( 15 ). 



□ 



Remark 4. In terms of the Hodge decomposition 

T e *Diff(M) = dn°(M) © 6n 2 (M) ® H 1 , (16) 

where denotes the space of harmonic /c-forms on M, we have ker A = T e H = 
(<5f2 2 (M)©% 1 )^ , see Figure[lJ It follows that the value of B\ can be fixed by requiring 
that Bi{u,v) e {{dff\f £ C°°(M)}. However, we will not need to do this. 

3.4. Constant positive curvature. It remains to prove that (G/H, ((-, •))) has con- 
stant sectional curvature equal to l/fj,(M). Letting R denote the curvature tensor on 
G/H, this is equivalent to proving that 

/mi \ w i( u > u ))(( v > v )) ~ i( u ' v )) 2 h7 s 
{{H(u, v)v , u)) = — — , u,v £ l e G. (17) 
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We will use the following curvature formula which is derived in the appendix: 

3 



((R(u,v)v,u)) = ((5,5)) + (([u,v},(3)) - 
where 5 and (3 are defined by 

6 = l(B(u,v) + B(v,u)), 



-(([«,«], [«,«])) ~((B(u, u),B(v,v))), (18) 



(3 = -(B(u,v)-B(v,u)). 



Remark 5. 1. Formula (18) coincides formally with the curvature formula for a 
Lie group equipped with a left-invariant metric given in Appendix 2 of [2]. In the 
appendix, we show that this formula remains valid in the case of a right-invariant 
metric on a homogeneous space. 

2. Although Bi is only defined up to an element of ker A, Lemma [3] implies that 
the right-hand side of (18) is well-defined. Indeed, we will see that A -1 only enters 
(18) via the combination div A~ 1 df and by (15) this operator is uniquely defined. 



Our proof of ( 17 ) will be a long computation using ( 18 ) together with the expression 



(|12j) for B. First note that 

^_ 1 fA~ l [d(Au\, v\) + div v\Au\ + ui<k>2 + d(Av\, u\) + div u\Av\ + V2<lu2 
2\ div(n 2 vi) + div(u 2 ui) 

_ 1 fA d\(Au\, v\) + (Av i, u\) — divi>i div u\ + V2U2} 
2 1 div (U2V1 + v 2 ui) 



(19) 



and 



1 f A 1 [d(Aui,vi) + div viAui + U2dv2 — d(Avi,u\) — div u\Avi — V2du2 

div (u2Vi — V2U1) 



(20) 



We will consider the four terms on the right-hand side of (18) in turn. Let 5\ and 52 
denote the two components of 5. Equations (19) and (15) yield 

div 5\ = - ((Aui,v\) + (Avi, u\) — div v\ diviii + V2U2) 



1 



2fi(M) 



((Au±,vi) + (Avi,u\) — div v± divui + V2U2) dfi. 



M 



Thus the first term on the right-hand side of (18) is given by 

((5,5)) = ] (div Sxfdfi + ^- (div(u 2 vi+V2U l )) 2 dii 
4 Jm 16 J M 

If 2 

= — / {(Aui, v\) + (Av\, u\) - divvi divu\ + V2U2) d[i (21) 
1<» J \i 



16/i(M) 
1 



M 



((Au\,vi) + (Av\,ui) — divv\ div u\ + V2U2) d/j, 



16 



M 



(div (u 2 vi + v 2 ui)) djx. 



Using the expression (|20|) for /3, we deduce that the second term on the right-hand 

- / ([tii, vi], d(Aui, vi) + div v\ Aui + u 2 dv 2 
8 Jm x 



side of (18) is given by 

((W,v),l3)) = 



d(Av\,u\) — diviii^4fi — V2du2/diJ, 



(22) 
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((ui,dv 2 ) - (vi, du 2 )) div (u 2 vi - v 2 ui)dfi, 



M 



while the third term is given by 



-4 (([«»«]» K u ] 



3 

16 



(div[«i,«i]) dfi- — 
m 16 



M 



((ui,dv 2 ) - (v 1 ,du 2 )) 2 dfi. 



(23) 



Moreover, 



B(u, u) 



2 ' l uP 



A l d \J\Au\, u\) — |(divui; -r 2«2 
div (mi«2) 



so that, by ( 15 ), 



div B\ (u, u) = (Au\,u\) - ^(divui) 2 + -u 2 



KM) 

Thus the fourth term on the right-hand side of (|18|) is given by 



-((B(u,u),B(v,v))) 



div Bi(u, u) div B\(v, v)d/j, — - 

M 4 



B 2 (u,u)B 2 (v,v)d/j, 



M 



M 



1 



1 



1 



1 



- -(divui) + -u 2 - -(divui) + -« 2 d/i 



+ 



ay 



(^4ni,ui) - ^(divui) 2 + ^u 2 , ) ,/// 



4p(M) 

x ^ f(M,«i> - ^(diwi) 2 + ^vi\ dn - J 



(24) 



div (U1W2) div (viv 2 )dfj,. 



M 



Adding the four contributions from (21 )-(24), we find an expression for ((R(u, v)v, u)) 
in terms of ui, v±, u 2 , and v 2 . It is convenient to divide this expression into two terms, 

((R{u,v)v,u)} =h + I 2 , 

where I\ consists of all the terms that contain neither u 2 nor v 2 , whereas I 2 consists 
of the remaining terms that contain u 2 or v 2 . Equations (21)-(24) yield 

1 



16 
1 



((Aui, v 1) + (Av\, u\) — div v\ div u\) d/j, 



M 



({Am, vi) + {Av 1 ,u 1 ) - div V! div ui)dfi 

16 j u(M) {J M 

- / ([ui, vi], d(Au\, v\) + div v\Au\ — d(Av 1, u\) — div u\Avi) d\i 
8 JM 



3 

16 
1 

4 



M 



M 



(div[ni,fi]) 2 d/i 

(Aui,ui) - ^(divni) 2 j i{Av\,v\) - ^(divvi) 2 ) </// 



+ 



4/i(M) 



{Aui,ui) - ^(divm) 2 ) d/j, 



M 



1 



(Av\,v\) - -(divui) d/O • 



Simplification using the integration by parts identity 



AY 



(da,(3)dfi= / (a,S/3)dfi 



M 
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yields 

II = — [ ((Aui,vi) + (Avi,ui) - divwidivui) 2 ^ 
16 J M 

-llRM)(I diVVldiVU1 ^) 

+ - / ((Aui,vi) - (Avx,ux))6xv[ui,vi]diJ, 

° JM 

— - / ([u\, v±], divviAui — div u\Avi) d\x 
8 Jai 

~ (div[ni,ui]) 2 d/i 
16 J M 

~\f (i Au U u l) ~ ^( divu i) 2 ^) ((Avi,vi) - ^(divwi) 2 ^ d/j, 

+ l^M)(/„ (d " l ") 2 »^)(I (di "" )2<i '')- 
Employing the identity (11) as well as the identity 

div [m, vi] = (ui, graddiv v\) — (v\, grad div u\) = {Au\, v\) — {Av\, ui), 

we can write this as 

- 1 - / ((Aui,vi) + (Avi,ui)) 2 d^i - - I ((Aui,vi) + (Avi,ui)) div vi div mdfj, 
16 J M 8 J M 

+ ^// diVUl)2(diVWl)2 ^" I^W) (/ M div ^ div ^^) 

~ Tc [ {(Aui,vi) - (Avi^i)) 2 d^ 
16 7m 

— — / (ni div t>i — div ui — (<5(i4 A fi))", div v\Au\ — div u\Av\) d\i 
(>lui,Ui)(Aui,ui)d^ + - / (Aui,ui)(divt;i) 2 <iu 



^ JAf ° JAf 

+ - / (Av 1 ,v l )(divu 1 ) 2 dfi - ^- / (divui) 2 
8 J M 16 Jm 



(divui) 2 d/i 



+ 

Finally, using that 

/ Avi),div«i>l«i - divuiAui) rf/i = 2 / (u^ A ^, Aui A Aux ) 

'm \ " / Jm \ I 

= 2 [(ui,Aui){vx,Avi) - (ui,Avi)(vi, Au{)]dfj,, 

JM 

arrive after several cancellations at the following expression for I\: 



We Oil live cliloi ocvciai uanuciiatiuiio clu uiic luiiuwing ca^jicddiuii iui 

h = 16RM) (I (diVni)2 ^) (I (dlVUl)2 ^) " I6^M) (/^ di ™^) ■ 

(25) 
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On the other hand, the terms in equations (|21|)-(|24|) that contain u-i or V2 yield 
1 

16 



h = — [ (2((Aui,vi) + (Avi,ui) — divvidwui)u2V2 + {U2V2) 2 ) dn 
'm 



1 

8/i(M) 



((Am, v\) + (Avi, u\) — divui dxvu%)dij, J I / \i2v2diL 

M J \Jm 



[ U2V 2 d[i) + ~ / (div (u 2 vi + v 2 u l )) 2 dfi 
Jm J 16 Jm 



16/x(M) 
1 



( [ui , vi] , u 2 df 2 - v 2 du2) dfx 
M 



1 



{(ui,dv2) - (vi,du2))div(u2Vi — v 2 ui)dn 

M 

((ui, dv2) — (vi, du2)) 2 dfj, (26) 

M 

' ' 2 \ „,2 



3 

16 

1 /" ( , . , 1 



(^4ui,ui) - -(div«i) ) u 2 c^ 



(Aui,t>i) - ^(divui) 2 J n|rfyu. - — / (u2V 2 ) 2 d[i 
M \ 2 / 16 Jm 

+ Mm {Sm ( {Auuui) - ^ (divui)2 ) dfi } {S M vld r 
+ mm) {L ( {Avi > vi) - ^ (divvi)2 ) d "} (L uld » 

+ Wm (/ M (I " 4 I diY(win2) <M™)<^ 

We use the identity 

div(u2Vi + ^2^1) = ^2 div v\ + (du2, V\) + V2 divui + (dv2, ui) 



in the third line, and the identity (11) in the fourth line of ( |26| ). Moreover, we use 
the identity 

div(ii2iT — V2U1) = U2 div v\ + (du2, V\) — V2 divui — {dv2, u%) 



in the fifth line of ( 26 ) and combine the result with the sixth line. After simplification 
this leads to 

h = q / U2V2{Au\ 1 v\)dn + - / U2V2(Avi,ui)dfi 
° Jm o Jm 



- / u 2 v 2 divvi dvvuidfi + — / (u 2 v 2 ) 2 d/i 
8 Jm 16 Jm 



M 1U JM 

~ 8m(W (J u to"*to"**v) (l M U2V2d ») ~ l^M) (l M U2V2d » 
+ — / <u 2 (divvi) 2 + ((fu 2 , vi) 2 + w|(divui) 2 + (dv2,ui) 2 



16 



+ 2ii2 div v\(du2, v\) + 2«2 div v\V2 div ui + 2u2 divvi(dv2, U\) 
+ 2(du 2 , vi)v 2 div-ui + 2(dn 2 , vi)(dv 2 ,ui) + 2t; 2 divui(dv2, u\) }><//' 

1 



M 



(ui div it, U2dv2) — (u\ divvi,V2du2) — (v\ divm, U2dv 2 ) 
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+ (vi dxVUl,V2du^) — (S(u\ A v\),U2d,V2 — V2du2^d/J, 

— - I (u2 divvx(ui, dv2) — V2 divui(u\, dv2) 

— U2 div v\{v\, du.2) + V2 div ui{vi,du2)^d(J, 

~ Tc I {(ui,dv 2 ) 2 + (vi,du 2 ) 2 - 2(u 1 ,dv 2 )(vi,du2)) dfi 

' m)d[j, + — / u|(divui) 2 djU 

uK^Awi, vi>d/x + — / ^2 (div — — — • / (u 2 v 2 ) 2 dij, 
M 16 7m 16 jm 



1 



16/x(M) 
1 



«2^ ) ( / «2 d M 



M 



M / \JM 

(«2U2 div ui div ui + 112 div ui (ui , dv 2) 



+ U2 divwi(«i,d?X2) + (ui,du2){vi,dv2)^d/j,. 
Using the identity 

(6(u\ A v\), U2AU2 — V2du2/dfJL = 2 / (u\ Av\,du2 f\dv2/ d/i 



= 2 / [(ui, du 2 )(t>i, cfc 2 ) - (ui,dv2)(vi,du2)]diJ, 

JM 

as well as integration by parts, we arrive at the following expression for 7 2 : 

1 / /• . . .\/t . ^ 1 - ■ 



+ lMM)(I (diV " l)2 *)(/„ ui<i ") 



+ lM^(/„ (div " l)2 *)(/„" 1<i " 1 (27) 
1 ( t , 



Finally, addition of the expressions (25) and (27) for I\ and I2 yields 



((./?( ». v)c. uj) = 16 ^ M ^ (f M ( d[vUl ^ d ^ + f M U 2 d ^ ^j M ^ YVl ^ d ^ + j M 

Iff f \ 2 

div ui &ivv\dii + / -u 2 t> 2 
'M JM 



16/i(Af) 

((u,u))((v,v}}-((u,vr 
KM) 

This proves (17) and hence completes the proof of Theorem [T] 
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Appendix A. The curvature of a homogeneous space 



In this appendix we derive the curvature formula (18) for a homogeneous space 
with a right-invariant metric. 

Suppose that G is a Lie group and that H C G is a (closed) subgroup of G. Let 
M = G/H denote the homogeneous space of right cosets. The Lie algebras of G 
and H are denoted by g and f), and we let m C g be a linear subspace such that 
g = f) © m. Letting ir : G — > G/H denote the quotient map, we find that 7r* maps m 
isomorphically onto T^r^M, where e denotes the identity element in G. Suppose that 
(•, •) is a right-invariant (degenerate) metric on G whose restriction to m is positive 
definite and whose kernel is f), i.e. (u,v) = for all v G Q iff u G f). We assume that 
the restriction of the metric (•, •) to m is Ad(ff)-invariant so that (•, •) descends to a 
right-invariant metric on G/H which will be denoted by (•,•). 

Remark 6. 1. We do not require that m be an Ad(-ff)-invariant subspace. In 
particular, the homogeneous space G/H does not have to be reductive. 
2. For the homogeneous space of Theorem [TJ we have 

q = X(M) x C°°(M), f) = {(u,0) G g| divv = 0}, 

and we may choose m = {((df)^,g) \ f,g G C°°(M)}. 

For any X G g, we define the vector field X G X(G/H) as the push-forward by tt 
of X L , where X L denotes the unique left-invariant vector field on G whose value at 
e is X. Thus, 

" 7r(ge tX ) = tt* Xq , g G G. 



X ^ ~ dt 
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where e tx is the one-parameter subgroup in G generated by X. The flow <& l x : M 
M of X is given by 

$^(7r( 5 )) =7r(ge tx ), g£G,t£R. 

If U G TG, then {^ t x ) if -K^U = n*R e tx*U, where R g denotes right multiplication by 
g G G. Hence, since (•, •) is right invariant, 

((^)*7r*[/, ($ x )*ir*V) = (R e ix*U,R etx «V) = (U,V) = (<jt*U,tt*V), 

whenever U, V G T g G, that is, the flow of X consists of isometries. This implies that 
A is a Killing field. In particular, X satisfies 

X(Y,Z) = ([X,Y],Z) + (Y,[X,Z}) (A.l) 

and 

(V Y X,Z) + (V z X,Y) = (A.2) 

for all vector fields Y, Z on G/H. 
Note that 

[X,Y} = -[X^Y], A, y G g, (A.3) 

where the bracket on the left-hand side is the Lie bracket of vector fields on M and 
the bracket on the right-hand side is the Lie bracket in g induced by rig/ii-invariant 
vector fields (this bracket is minus the bracket induced by left-invariant vector fields) . 
Indeed, 

[X,Y] = [ir*X L ,ir*Y L ] = vr*[A L , Y L ] = — 7r* [A, Y] L = —\X^Y\. 
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Let V denote the Levi-Civita connection associated with the Riemannian metric g 
on M = G/H. Then, for any vector fields X, Y, Z on M, 

2(V X Y, Z) = X(Y, Z) + Y(Z, X) - Z(X, Y) 

+ (Z, [X,Y])-(Y,[X,Z])-(X, [Y,Z]). 



In the particular case when X, Y, Z are Killing vector fields, (A.l) implies that 



2(V X Y,Z) = ([X,Y],Z) + ([X,Z],Y) + (X, [Y,Z]). 
Lemma 7. Let 1,7 em. Then 

(V x Y) w{e) = -^([X, Y] + B(X, Y) + B(Y, X)), 

where B(X, Y) G g is defined by 

(B(X,Y),Z) = (X, [Y,Z]). 



(A.4) 

(A.5) 
(A.6) 



Remark 8. Equation (A.6) only determines B(X,Y) up to addition by an element 



in fj. We can fix this freedom by requiring that B(X,Y) £ m. Alternatively, we can 



just note that n*B(X, Y) is uniquely determined and so the right-hand side of (A.5) 
is well-defined. 



Proof. Let X, Y, Z G m. Then flAl) ) and flAl^ ) give 

2(V X Y,Z) = -([AVrU) - (\X^Z\,Y) - (X, \Y\~Z\). 
Evaluating this equation at the point vr(e), we find 

2((V x Y) n{e) + ]p^Y\ <e) X{e) = ~([X,Z],Y) - (X, [Y,Z]), 



and this equality gives (A.5) 



□ 



Proposition 9. Let X, Y G m ~ T n r e \M. The curvature tensor R of M = G/H 
satisfies 



(R(X,Y)Y,X) = (5,8) + ([X,Y],P) - -([X,Y], [X, Y]) - (B(X,X),B(Y,Y)), 



(A.l) 



where 5 and (3 are defined by 

5 = \(B(X,Y) + B(Y,X)), (3 = \(B(X,Y) - B(Y,X)). 

Proof. We compute 

(R(X,Y)X,Y) = (V x VyX,Y) - (VyV x X,Y) - (V [XY] X,Y). 
This gives, using ( A.2[ ) in the last term, 

(R(X,Y)X,Y) = X(VyX,Y) - (V Y X,V X Y) 

- Y(V X X, Y) + (V X X, V Y Y) + (V Y X, [X, Y}). 



Using the following two equations, which are consequences of (A.4), 



2(V Y X, Y) = ([Y, X],Y) + ([Y, Y],X) + (Y , [X , Y]) = 0, 
2(V X X, Y) = ([X, X},Y) + ([X, Y],X) + (X, [X, Y}) = 2([X, Y],X), 
as well as the fact that V is torsion-free, i.e. V X Y — V y X = [X , Y], we find 
(R(X, Y)X, Y) = -Y([X, Y],X) + (V X X, V y Y) - (V Y X, V y X). 



A TWO-COMPONENT GEODESIC EQUATION 
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Equation (A.l) implies that 

Y([X, Y],X) = ([Y, [X, Y]],X) + ([X, Y], [Y, X}), 



so that, in view of ( |A.5 ), 

(R(X, Y)X, Y) = — ([Y, [X, Y]],X) - ([X, Y], [Y, X]) + (B(X, X), B(Y, Y)) 

-l([Y,X],[Y,X]) - ([Y,X},5) - (6,6). 



Finally, the relation ( |A.3 ) yields 

(R(X, Y)X, Y) =— (B(X, Y), [X, Y]) + ([X, Y], [X, Y]) + (B(X, X),B(Y, Y)) 

-]([X,Y],[X,Y]} + ([X,Y},6}-(5,6). 



This is (A.7). 



□ 
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